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We present a theoretical study of the collective optical effects which can occur in groups of three
and four quantum dots. We define conditions for stable subradiant (dark) states, rapidly decaying
superradiant states, and spontaneous trapping of excitation. Each quantum dot is treated like a two-
level system. The quantum dots are though realistic, meaning that they may have different transition
energies and dipole moments. The dots interact via a short-range coupling which allows excitation
transfer across the dots, but conserves the total population. We calculate the time evolution of single-
and biexciton states using the Linblad equation. In the steady state the individual populations of
each dot may have permanent oscillations with frequencies given by the energy separation between
the subradiant eigenstates.
PACS numbers: 78.67.Hc,78.47.Cd,03.65.Yz
I. INTRODUCTION
Collective optical (superradiant) effects appear in en-
sembles in which the distances between single emitters
are much smaller than the radiation wavelength with
which they interact (Dicke limit).1 The spatial depen-
dence of the electromagnetic field within such ensembles
is negligible and thus all the systems effectively interact
with common photon reservoir. This leads to formation
of rapidly decaying (superradiant) and optically inactive
(subradiant) states2 and consequently to the appearance
of a vacuum-induced coherence effect which results in oc-
cupation trapping.3
Although effects resulting from collective coupling of
atoms to radiative environment have been known for
nearly sixty years, are very well described1–5 and have
been extensively investigated experimentally,6,7 they still
attract much scientific attention. This is caused by the
increasing variety of physical systems in which these phe-
nomena may be observed, such as quantum dots (QDs),8
Bose–Einstein condensate,9 superconducting qubits,10,11
ion Coulomb crystals12 or depolaritons.13
The investigation of superradiant effects have been ini-
tiated and driven to a large extend by the promise which
the short-living states show for optimization of lasers.14
Recently the scientific interest has been focused on the
concept of “superradiant laser” which allows to increase
spectral purity of emitted light.15,16 The technological
realization of such a device presented in Ref. 17 allows
to improve accuracy of atomic clocks18,19 and thus mea-
surements of gravity20 and fundamental constants.21,22
The experimental investigations of the collective effects
were mostly restricted to the analysis of the superradiant
states which appear spontaneously in the cascade emis-
sion and manifest themselves as a maximum in the in-
tensity or photon emission rate.2,6,23
Although the observation of the subradiance phenom-
ena was also reported in the atomic ensembles,7 as the
opposite of the superradiant states, the preparation of
subradiant states is much more difficult, and therefore
the possibilities they give were much less investigated
experimentally. Recently, the preparation of an op-
tically inactive state was reported in a system of su-
perconducting qubits24 and in a diatomic molecule in
an optical lattice.25 The advantage of the subradiant
states stems from their decoupling from the photon en-
vironment because of which they do not undergo ra-
diative decoherence and thus may form decoherence-
free subspaces.26,27 This makes them useful for quantum
information processing especially for noiseless encoding
of quantum information.28,29 The stable states also al-
low to construct a scalable quantum processor,30 quan-
tum memories,31 nonlinear sign-shift gate32 and storing
time-bin qubits33 for quantum cryptography. Interest-
ing group of Dicke states is formed of single-excitation
combinations belonging to the class of “W” states which
have been widely considered for quantum information
processing34–37 or optimization of the quantum clock
synchronization.38
Systems composed of two and more coupled QDs at-
tract much scientific focus due to the richness of their
properties which pave the way to new technological ap-
plications. Already pairs of quantum dots allow for
long-time storage of quantum information,39 conditional
optical control of carrier states,40 implementation of a
two-qubit quantum gate,41 optical writing of informa-
tion on the spin state of the dopant Mn atom42 and
construct quantum nanoantennas due to the collective
phenomena.43 Systems of three QDs enable to realize
two different kinds of entanglement,44 teleportation via
superradiance45, CNOT gates46 and the control of spin
blockade.47 Moreover, in these systems the collective
transport effects (electronic Dicke or Kondo-Dicke effect)
may be realized48,49 and lead to the enhancement of ther-
moelectric efficiency.50 Arrays of QDs allow to reduce the
effect of pure dephasing on quantum information encoded
in excitonic states.51
In this paper we analyze the collective optical effects in
ensembles of three and four QDs. Compared to double
QDs in which only one optically inactive state may be
realized,2 ensembles of three and more two-level systems
allow to realize many stable states which occur at differ-
2ent exciton occupations of the single emitters. Although
the superradiant effects are well described in systems of
identical atoms the description of such phenomena in QD
ensembles requires taking into account characteristic for
those system properties which distinguish them from nat-
ural ones. Therefore we include in our model the funda-
mental energy mismatches, different dipole moments of
single dots and coupling which induces excitation trans-
fer between single emitters, but conserves the total pop-
ulation of the ensemble. In our previous works concern-
ing double QDs it has been shown that the collective
optical effects are extremely sensitive to inhomogeneity
of the fundamental transition energy which leads to the
decay of the exciton occupation for the energy splitting
much below the present technological feasibility. This de-
coherence effect may be strongly reduced by sufficiently
strong coupling between the dots52–54 and fully overcome
in double QDs with different decay rates.55 In this paper
we extend the results of two QDs and specify conditions
which allow to take advantage of the superradiant phe-
nomena in fully inhomogeneous QD systems. We analyze
the dynamics of one electron-hole pairs and biexcitons.
We show how to adjust the system parameters in such
a way that an arbitrary dark single-exciton combination
may be blocked in a multiple QD, we also specify the
conditions which allow to trap two excitons and prepare
a system in a biexcitonic state which allows to recombine
only one electron-hole pair. Due to existence of two or
more subradiant single-exciton eigenstates and coupling
between the dots the occupation of individual dots oscil-
lates while the population of the whole ensemble remains
stable, we show that the oscillation amplitudes may be
strongly reduced if the system is initially prepared in a
biexciton state.
The paper is organized as follows. In Sec. II we de-
scribe the system under study, define its model and de-
scribe a method used to study the system evolution, in
Sec. III we present and discuss our results, we conclude
the paper in Sec. IV.
II. THE SYSTEM
The investigated system consists ofN (N = 3, 4) quan-
tum dots (QDs) in which only the ground-level exciton
states with fixed spin polarizations are taken into con-
sideration. Due to the strong Coulomb coupling and ab-
sence of the external electric fields we may restrict the
discussion to ‘spatially direct’ excitonic states, i. e., states
with electron-hole pairs residing in the same QD which in
these conditions have much lower energy than the ‘dis-
sociated’ states referring to excitons formed of carriers
residing in two different dots.56,57 These assumptions al-
low us to treat every QD as a two-level system which
may be either empty or contain an exciton and thus de-
scribe the set of N QDs as an 2N -level system, with |0〉
denoting the ground (or “vacuum”) state in which all N
dots are empty, single-exciton states |i〉, corresponding
to one exciton localized in the ith QD, biexcitonic states
|ij〉 referring to electron-hole pairs residing in the ith and
jth QDs, states |ijk〉 with three QDs, ith, jth, and kth
(1 6 i, j, k 6 N), occupied with an exciton etc.
Present manufacturing technology does not allow to
produce on demand systems of QDs with identical funda-
mental transition energies, therefore we assume different
electron-hole binding energies of each dot defined as
Ei = E +∆i,
where E is the average transition energy and ∆i = αi∆ is
the energy mismatch of the ith QD. We impose
∑
i αi = 0
and
∑
i α
2
i = 1, such that ∆
2 is the mean square variation
of the transition energies.
We analyze the system in a ’rotating frame’ defined by
the evolution operator
U = exp
[
− i
~
(
E
N∑
i
σ
(i)
+ σ
(i)
− +Hrad
)
t
]
,
where σ
(i)
− =
(
σ
(i)
+
)†
= |0〉〈i|+∑j |j〉〈ij|+∑jk |jk〉〈ijk|+
· · · are the annihilation (creation) operators for the
exciton in the ith QD, respectively and Hrad =∑
kλ ~ωkb
†
kλbkλ is the standard free photon Hamiltonian
with operators b†
kλ and bkλ creating and annihilating ra-
diation modes with wave vector k and polarization λ,
while ωk is the corresponding frequency.
In this frame the Hamiltonian of the system is
H = HS +HS−rad.
The first term describes electron-hole pairs residing in the
QD system. We assume that the ground state |0〉 corre-
sponds to the zero energy level, so the excitonic Hamil-
tonian is
HS =
∑
i=1
∆iσ
(i)
+ σ
(i)
− +
∑
i,j=1
Bij |ij〉〈ij|
+
∑
i,j,k=1
Bijk|ijk〉〈ijk|+ · · ·
+
∑
i,j=1
Vijσ
(i)
+ σ
(j)
− , (1)
where Bij are biexcitonic shifts due to the interaction
of static dipole moments of ith and jth QD, Bijk is a
deviation of energy caused by interaction of the dipole
moments of three dots, etc.
In ensembles of QDs one may distinguish two types of
interaction between the emitters: dipole (Fo¨rster) cou-
pling which in the leading order decays as 1/r3ij with the
QD separation61–63 and short-range coupling resulting
form a combination of tunneling (wave function overlap)
and Coulomb correlations. Both types of interaction in-
duce excitation transfer between the emitters but con-
serve the total exciton occupation of the ensemble. The
short-range couplings allow to rebuilt enhanced emission
3in the energetically inhomogeneous ensembles while in
the case of dipole interaction a similar effect is achieved
if the coupling is enhanced artificially by a factor of 400.59
To overcome the destructive effect of the transition en-
ergy mismatch the coupling between the dots must be of
the order of the energy splitting, i. e., 1 meV for techno-
logically feasible systems.52–54 For a planar QD arrange-
ment the distance between emitters is about 30 nm (the
average value for the sample studied in Ref. 8), and for
such a distance the Fo¨rster coupling drops to about 1
µeV, which is not sufficient to stabilize collective effects.
The Fo¨rster coupling reaches a fraction of meV for
QDs separated by only a few nanometers,58 which can
be achieved in vertically stacked QD systems, and where
indeed it can stabilize the collective effects.52,55 In the
present paper we describe a planar system and therefore
we prefer to consider a short-range coupling, for which
we choose an exponential model, Vij = V0 exp [−rij/r0],
where the subscripts i and j refer to ith and jth QD,
respectively, V0 is a constant amplitude, rij is the dis-
tance between the QDs and r0 the spatial range of the
interaction. Remarkably, this simple model reproduced
well recent experimental results.59
The eigenstates of the Hamiltonian (1) do not mix
quantities associated with different exciton numbers, i.
e. the eigenstates of the system are superpositions of the
basis states restricted to a particular exciton number.
The second term of the Hamiltonian accounts for cou-
pling between the QD system and quantum electromag-
netic field
HS−rad =
N∑
j=1
∑
kλ
σ
(j)
− g
(j)
kλe
−i(E~ −ωk)tb†
kλ +H. c., (2)
where
g
(j)
kλ = idj·eˆλ(k)
√
~ωk
2ǫ0ǫrv
is a coupling constant for the jth QD. Here d(j) is the
inter-band dipole moment for the jth QD, eˆλ(k) is the
unit polarization vector of the photon mode with polar-
ization λ, ǫ0 is the vacuum dielectric constant, ǫr is the
relative dielectric constant and v is the normalization vol-
ume. We restrict our investigations to wide-gap semicon-
ductors with electron-hole binding energies of the order
of 1 eV which allows us to describe the photon modes
within the zero-temperature approximation at any rea-
sonable temperature.
To describe the evolution of the carrier subsystem we
use an equation of motion for the reduced density opera-
tor in the Markov approximation. In the ’rotating frame’
it takes a form
ρ˙ = − i
~
[HS, ρ] + Lrad[ρ],
where ρ is a reduced density matrix of the exciton sub-
system and Lrad is a Lindblad dissipator
Lrad[ρ] =
N∑
i,j=1
Γij
[
σ
(i)
− ρσ
(j)
+ −
1
2
{
σ
(j)
+ σ
(i)
− , ρ
}]
,
where
Γij = Γ
∗
ij =
E3
3πǫ0ǫr~4c3
di ·d∗j (3)
with c being the speed of light. Since for i = j the
Eq. (3) describes the spontaneous decay rates of single
QDs,60 the mixed (off-diagonal) decay rates (3) may be
expressed in terms of single QD quantities,
Γij = Γ
∗
ji =
√
ΓiiΓjj dˆi ·dˆ∗j ,
where dˆi = di/di and dˆi · dˆ∗j ≈ eiη(1 − θ2ij/2), here η is
an irrelevant phase and θij is a small angle between the
dipole moments which depends of light-hole admixture.55
In the numerical simulations we assume constant en-
ergy mismatches with the parameters α1 = 2/
√
56,
α2 = 4/
√
56, α3 = −6/
√
56, α4 = 0 and ∆ = 1 meV
(except for the Fig. 4). For the coupling amplitudes
we take V0 = 5 meV and r0 = 15 nm. In Sec. III A,
III B and III C we assume parallel dipole moments, since
the effect of the light-hole admixture in the absence of
external electric fields is negligible.55
III. RESULTS
Below we present an analysis of the collective effects
which occur in multiple QDs. We define the Dicke states
for an arbitrary number of emitters and perform numer-
ical simulations for ensembles of three and four QDs. In
Fig. 1 we illustrate the numbering of the QDs and their
spatial arrangement. In Sec. III A and III B we focus
on single-exciton states. In Sec. III A we show the evo-
lution of uncoupled systems with identical fundamental
transitions and parallel dipole moments of different am-
plitudes. Then, in Sec. III B we analyze the same effects
in a system composed of three coupled energetically in-
homogeneous dots. The dynamics of biexciton states is
presented in Sec. III C. In Sec. III D we show possibili-
ties of controlling the exciton occupation given by a p-i-n
junction.
A. Single-exciton states of ideal quantum dots
The collective effects were described for the first time
in ensembles of uncoupled identical atoms where all the
emitters have the same transition energies and dipole
moments.1 Such optical effects, resulting from the inter-
action in the Dicke limit, are also present in uncoupled
systems, even with different dipole moments, if all the
emitters have identical transition energies. For the pur-
pose of this paper we define such systems as ideal QDs.
4FIG. 1: The planar arrangement of the three (a) and four (b)
QD ensembles.
The coupling of excitons to their radiative environment
described in the Dicke limit by the Hamiltonian (2) and
the Fermi’s Golden Rule, according to which the proba-
bility of releasing a photon through a transition from the
initial to the final states is P ∼ |〈final|HS−rad|initial〉|2,
allow to define rapidly decaying (superradiant) and op-
tically inactive (subradiant) states, both also known as
Dicke states. By definition the superradiant initial state
(|SUPER〉) corresponds to the maximum transition prob-
ability, whereas the subradiant states (|SUB〉) refer to the
vanishing probability. Due to the decoupling from the
photon reservoir these are dark, optically inactive states.
In the weak excitation limit, i. e., for a single excitation
in the system from which the sample may decay only to
the ground state (|0〉), the proportionality g(j)
kλ ∼
√
Γjj
allows to write the short-living states in the form
|SUPER〉 =
N∑
i=1
√
Γii|i〉√
N∑
i=1
Γii
, (4)
and express the stable superpositions as
|SUB〉 =
N∑
i=1
ai
√
N∏
j=1
Γjj
Γii
|i〉
√
N∑
i=1
|ai|2
N∏
j=1
Γjj
Γii
, (5)
where the coefficients ai satisfy
∑
i ai = 0. Irrespective
of the number of emitters there is only one superradi-
ant state in the system of a particular number of QDs,
whereas the only structure which realizes just one dark
state is a double quantum dot. The systems of three and
more QDs allow to realize an arbitrary number of dark
states of the form (5) since there are may combinations
of the parameters ai for which the transition matrix ele-
ment 〈0|HS−rad|SUB〉 = 0.
The consequence of the co-existence of rapidly decay-
ing and stable states is the effect of spontaneous trap-
ping of excitation.3,55 An arbitrary single-exciton state
|s〉 = ∑i ci|i〉, where |ci|2 is the localization probability
of the exciton on the ith QD and
∑
i |ci|2 = 1, may be
expressed as a combination of the superradiant state (4)
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FIG. 2: Exciton occupations [(a) and (c)] and coherences [(b)
and (d)] of a system of three QDs prepared initially in a bright
state (5|1〉 + |2〉) /√26 for Γ11 = 2.44 ns−1, Γ22 = 3.31 ns−1
and Γ33 = 1 ns
−1. Figs. (a) and (b) show the results for
uncoupled QDs (Vij = 0) with identical transition energies
(∆ = 0), while Figs. (c) and (d) refer to energetically inho-
mogeneous (∆ 6= 0) and coupled (Vij 6= 0) system arranged
in a lateral array of an equidistant triangle shape with the
side length r = 30 nm. The inset to Fig. (a) shows the initial
evolution of the exciton occupation of the QD number 2.
and a dark state of type (5),
|s〉 =
(
N∑
i=1
ci
√
Γii
)
√
N∑
i=1
Γii
|SUPER〉
+
√√√√√√√√1−
(
N∑
i=1
ci
√
Γii
)2
N∑
i=1
Γii
|SUB〉s, (6)
where the dark state is
|SUB〉s =
N∑
i=1
ci
[(
N∑
j 6=i
Γjj
)
|i〉 −
N∑
j 6=i
√
ΓiiΓjj |j〉
]
√√√√( N∑
i=1
Γii
)[
N∑
i=1
Γii −
(
N∑
i=1
ci
√
Γii
)2] . (7)
The derivation of the Eqs. (6) and (7) is done in the
the Appendix. The collective coupling to the radiative
surrounding induces emission only from the superradiant
state and thus the fraction of excitation initially spanned
in the dark state, 1 −
(
N∑
i=1
ci
√
Γii/
√
N∑
i=1
Γii
)2
, remains
unaffected. Since the only single-exciton state which de-
cays totally is the superradiant state, we define a state
5|s〉 as being bright if its superradiant contribution does
not vanish, i. e., if a system prepared in that state par-
tially recombines and only a part of the initial exciton
occupation remains trapped.
In Fig. 2 we show the dynamics of a single-excitation
induced by a common photon reservoir in an ideal system
of three uncoupled (Vij = 0) QDs with equal electron-
hole binding energies (∆ = 0) and parallel dipole mo-
ments (θij = 0) of different magnitudes. In Fig. 2(a) we
show the evolution of the exciton occupations of a sys-
tem prepared initially in a bright state (5|1〉+ |2〉) /√26
and in Fig. 2(b) we show the corresponding coherences.
As expected, the coupling to the photon reservoir spans
the excitation into the sub- and superradiant states ac-
cording to Eq. (6) and induces emission only from the
short-living state
√
Γ11|1〉+
√
Γ22|2〉+
√
Γ33|3〉√
Γ11 + Γ22 + Γ33
,
[Fig. 2(a)]. The excitation dynamics takes place until
occupations of all dots stabilize at certain levels corre-
sponding to the dark state defined in the Eq. (7) which
confirms that the state (7) is indeed unaffected by the
photon reservoir and, after the decay of the superradiant
state, neither the total exciton occupation nor occupa-
tions of single dots (n1,2,3) change due to radiative envi-
ronment. The emission from the above state induces de-
cay of the total exciton occupation and excitation trans-
fer which results in the redistribution of the occupations
of single dots. Since all of the localized single-exciton
states |i〉 contribute to the superradiant state (4), the col-
lective coupling spans the initial excitation in all of the
dots even if some of them were initially empty. There-
fore the population of initially unoccupied systems builds
up spontaneously [n3, green-dashed line in Fig. 2(a)]. If
the initial occupation of one of the dots is relatively small
while the spontaneous decay rate from that system is suf-
ficiently strong then the exciton occupation of that dot
may vanish at same point and then restore due to the
excitation transfer [magenta-dotted line in Fig. 2(a) and
the inset to Fig. 2(a)]. During the emission process also
the evolution of the off-diagonal density matrix elements
is observed, the coherences related to the initially pop-
ulated dots decay, while those corresponding to initially
empty systems build up spontaneously due to the increas-
ing occupations of those dots. When exciton dynamics in
the system reaches population distribution corresponding
to the optically inactive state also the off-diagonal den-
sity matrix elements stabilize at a certain non-zero level
[Fig. 2(b)], defined by the dark contribution to the initial
state.
B. Single-exciton states for inhomogeneous
quantum dots
Technologically feasible QDs forming multiple struc-
tures differ both in fundamental transition energies (∆ 6=
0) and dipole moments (di 6= dj), and are coupled with
each other (Vij 6= 0). As shown in the previous sec-
tion and, for a double QD in Ref. 55, the superradiant
character of the evolution of one exciton is present in
the ideal systems (∆ = 0), but with parallel dipole mo-
ments (θij = 0). The collective evolution is very sensi-
tive to the energy mismatches and is destroyed in ensem-
bles with energy splittings of the order of the transition
line width.52–55 In such systems the localized eigenstates
corresponding to different energies cannot form delocal-
ized superpositions which would also be the system eigen-
states. This destructive effect may be overcome by cou-
pling between the dots (Vij) which delocalizes the system
eigenstates and different dipole moments allowing the su-
perradiant state to be a non-symmetric superposition of
the localized states |i〉 [Eq.(4)].
The single-exciton eigenstates of the system depend on
the energy mismatches and coupling between the dots,
while the Dike states are defined by the interplay of de-
cay rates [Eqs. (4) and (5)]. If the single-exciton de-
cay rates [Eq. (3) for i = j] are adjusted in such a
way that the superradiant state (4) corresponds to one
of the system eigenstates, then the inhomogeneous en-
semble of QDs interacts with its radiative environment
in the “collective regime” i. e. allows many effects typi-
cally present only in systems with identical electron-hole
binding energies. The amplitudes ci of a single-exciton
state orthogonal to the superradiant state (4) must sat-
isfy the equation
∑
i ci
√
Γii = 0 which implies the con-
dition 〈0|HS−rad|SUB〉 = 0 defining a subradiant state.
Therefore, if one of the eigenstates has a superradiant
character then the other eigenstates of a system are op-
tically inactive and thus defying the “collective regime”
requires only specifying the superradiant eigenstate.
In Figs. 2(c) and 2(d) we show the evolution of a re-
alistic group of three QDs placed in the corners of an
equilateral triangle, we assume non-equal fundamental
transition energies (∆ = 1 meV), non-vanishing coupling
between the systems (Vij 6= 0) and parallel dipole mo-
ments (θij = 0). We compare the results obtained for an
inhomogeneous system coupled to the photon reservoir
in the “collective regime” to the ideal case presented in
Figs. 2(a) and 2(b), where the decay rates of individual
dots take the same values as in Figs. 2(c) and 2(d). As
can be seen in Fig. 2(c), coupled ensembles with energy
mismatches of the order of meV allow to trap the same
fraction of excitation as ideal dots with the same decay
rates [red-solid lines in Figs. 2(a) and 2(c)]. Here, as
in the ideal case, any single-exciton eigenstate may be
decomposed into sub- and superradiant component ac-
cording to Eq. (6) and also in this case the superradiant
state is the only state which decays totally. For an ar-
bitrary set of decay rates, which do not correspond to
the superradiant eigenstate, the exciton occupation of a
system prepared initially in a state of the form (5) is
quenched and the decay of the state (4) is slowed down
compared to the “collective regime”.
Although sub- and superradiant states may exist in the
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FIG. 3: The exciton occupation of the QD number 1 (n1)
shown by the blue line in Fig. 2(c). The time evolution is
shown for three different time intervals at picosecond resolu-
tion scale.
appropriately designed realistic systems, the dynamics of
individual QD occupations differs considerably from the
discussed in the previous section ideal case, when the
dots interact only through the common radiative reser-
voir. The situation changes when the dots communicate
with each other via short-range coupling which induces
excitation transfer between dots and thus oscillations in
the evolution of single QD populations. In a double QD
system the oscillation amplitudes decrease and the occu-
pations stabilize at levels corresponding to the only one
dark state of the system.55 In the multiple QDs composed
of three or more emitters oscillations of the individual dot
populations never vanish [Figs. 2(c), 2(d) and Fig. 3].
The excitation is trapped in the system because of the
existence of dark states, which in such systems may be
realized by many different amplitude combinations and
thus also the final population number may be realized in
various ways.
In Fig. 3 we zoom the exciton occupation n1 shown
in Fig. 2(c) (blue line). As can be seen in Fig. 3(a) the
initial oscillation pattern is relatively complicated which
is caused by the existence of three energy gaps defined
by the differences between the superradiant eigenstate
and the subradiant ones, |ESUPER − ESUB1(2) |, and by
the energy splitting between the two subradiant eigen-
states, |ESUB1 − ESUB2 |. The period of the envelope os-
cillations is a multiplication of the corresponding three
periods, i. e. T1(2) = h/|ESUPER − ESUB1(2) |) and
T = h/|ESUB1 − ESUB1 |. The period T itself defines the
fine oscillations of the occupation. Due to the emission
process, the superradiant contribution attenuates and in-
terference pattern simplifies [Fig. 3(b)]. Finally, when
the short-living state decays and the total exciton oc-
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FIG. 4: Decay rate (in the “collective regime”) dependence
on the spatial arrangement of a triple QD i. e., on the angle
α defined in Fig. 1 (a), on the energy mismatch (b) and the
corresponding steady state occupations for the initial state
(5|1〉 + |2〉)/√26 (c) and (d), respectively. For all Figs. we
assume r12 = 30 nm and r23 = 20 nm and a constant decay
rate of the QD number 2 (Γ22 = 2 ns
−1).
cupation becomes trapped, the evolution of the single
dot occupation shows single-mode pattern which repeats
with the time T and with amplitude depending of the
initial occupation of individual dots [Fig. 3(c)].
The system of three and more QDs allows many dif-
ferent planar arrangements of the emitters. Since the
coupling amplitudes (Vij) depend on the distances be-
tween emitters, the eigenstates of the system, and thus
the decay rates for which the ensemble interacts collec-
tively with its radiative environment, also depend on the
arrangement of the dots. Using the geometry design de-
fined in Fig. 1(a) we calculate the dependence of the
decay rates Γ11 and Γ33 on the spatial arrangements of
the system. We assume constant distances r12 and r23
and thus constant values of the coupling amplitudes V12
and V23 and change the angle α from 60 degrees to lin-
ear design, i. e., we increase the distance between dots
1 and 3. As seen in Fig. 4(a) the values of the decay
rates necessary to form the “collective regime” slightly
decrease with increasing angle α. The two similarly de-
creasing decay rates (while the third one is constant),
according to Eq. (6) lead to increasing steady state (fi-
nal) exciton occupation which is shown in Fig. 4(c).
If the coupling between two out of three QDs is much
stronger than coupling of that dots with the third one
(e.g. V13 ≫ V12, V23, r13 ≪ r12, r23) then one of the sys-
tem eigenstates has large contribution from the localized
state associated with the weakly coupled dot (number
2) and to achieve “collective regime” the decay rate Γ22
must be much smaller from Γ11 and Γ33. In the limiting
case of vanishing couplings V12 and V23 the localized state
|2〉 becomes the system eigenstate and the corresponding
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FIG. 5: Exciton occupation for a biexciton initial state
spanned in a system of four QDs placed in corners of a square
of the side length r = 30 nm. (a) Superradiant initial state.
[(b) and (c)] Initial biexciton state which allows for a recombi-
nation of only one exciton. (d12 =
√
Γ33Γ44, d13 = −
√
Γ22Γ44,
d14 = Γ44 (Γ33 − Γ22)
√
Γ22Γ33/ (Γ22Γ33 − Γ11Γ44),
d23 = −Γ44 (Γ33 − Γ22)
√
Γ11Γ44/ (Γ22Γ33 − Γ11Γ44),
d24 = Γ44
√
Γ11Γ33/Γ11, and d34 = −Γ44
√
Γ11Γ22/Γ11).
The values of the decay rates of individual dot are the same
for all Figs. and take the values: Γ11 = 2.26 ns
−1, Γ22 = 2.75
ns−1, Γ33 = 0.88 ns
−1, and Γ44 = 1.5 ns
−1. The biexction
shifts are B13 = B12 − 0.702 meV, B14 = B12 + 0.022
meV, B23 = B12 + 0.218 meV, B24 = B12 − 0.741 meV,
and B34 = B12 + 0.042 meV with B12 being an arbitrary
parameter. The line types used in panel (b) are also valid for
panel (a).
decay rate (Γ22) vanishes. Consequently the pair of cou-
pled dots acts as a double QD while the third dot does
not contribute to the evolution.
In Fig. 4(b) we show the dependence of the decay rates
forming the “collective regime” on the energy mismatch.
Both calculated decay rates decrease with increasing en-
ergy separation, but one changes slowly while the second
decays fast, this leads to decreasing (Eq. 6) steady state
occupation shown in Fig. 4(d). For appropriately ar-
ranged ensemble of dots the decay rates may decrease in
such a way that for smaller energy mismatches the final
exciton occupation decreases with increasing energy mis-
match, but after exceeding a critical point it increases.
The similar effects in the dynamics of single excitons are
observed for electron-hole pairs confined in ensembles of
four and more dots.
C. Biexciton states
In multiple QDs built out of three and four units more
than one exciton may be delocalized and thus these sys-
tems allow for more complex collective effect. Below
we focus on biexciton states which in general are de-
scribed by a vector |biexciton〉 = ∑Ni,j,i6=j bij |ij〉, where∑N
ij |bij |2 = 1. The realistic ensembles of QDs (∆ 6= 0,
di 6= dj , Vij 6= 0 and Bij 6= 0) permit superradiance phe-
nomena in the two-exciton subspace if the biexcitonic,
as well as single-exciton, eigenstates correspond to the
Dicke states. As in the single-exciton case, the biexci-
tonic state is considered to be superradiant if the exciton
occupation of a system prepared in this state decays to-
tally. Although eigenstates of the Hamiltonian (1) do not
mix localized basis states associated with different exci-
ton numbers, the biexcitonic superradiant state may be
formed provided one of the single-exciton eigenstates has
a superradiant character. Thus the biexcitonic superra-
diant states occur only if collective effects are present in
the single-exciton subspace. Due to the equal number of
single-exciton eigenstates and QDs forming the ensemble
the “collective regime” in the single-exciton domain may
be achieved by adjusting only the decay rates (dipole mo-
ments). As will be explained in detail below, the same
rates Γij (3) define the biexcitonic Dicke states. Thus, in
order to achieve the collective effects in the two-exciton
subspace one has to also appropriately adjust the spatial
arrangement of the dots or energies.
The superradiant two exciton superpositions may be
spanned as well in ensembles of four emitters as in triple
QDs and take a form
|SUPER〉B =
N∑
i,j,i6=j
√
ΓiiΓjj |ij〉√
N∑
i,j,i6=j
ΓiiΓjj
. (8)
Similarly to the single-exciton case, the biexcitonic super-
radiant states are defined by the maximum value of the
transition probability (∼ |〈SUPER|HS−rad|biexciton〉|2),
but this time from the initial biexciton state to the fi-
nal single-exciton superradiant one (4). The form of the
condition is governed by the coupling to the radiative
environment [Hamiltonian (2)] which induces decay of
only one exciton at a time. Thus total quenching of two
excitons must occur through formation of single-exciton
superradiant states. As can be seen in Fig. 5(a), due to
the decay of the biexciton superradiant state a part of ini-
tial excitation is initially transferred to the single-exciton
state which reaches a maximum population and then is
totally quenched, together with the biexciton state. The
condition for the existence of the superradiant state (8)
implies that the transition to subradiant states (5) van-
ishes.
Two excitons can be blocked in a system if a tran-
sition from the biexciton state to any single-exciton
state is forbidden, i. e. the transition matrix element
〈single|HS−rad|biexciton〉 vanishes. Due to infinite num-
ber of possible single-exciton states this condition reduces
to the requirement HS−rad|biexciton〉 = 0. To simplify
the description we define non-normalized amplitudes dij
in such a way that the amplitudes of biexciton states
bij = dij/
√∑
ij |dij |2. For a triple QD the condition
leads to a system of three equations of the form:
dij
√
Γjj + dik
√
Γkk = 0,
where every subscript i, j, and k takes the values 1, 2,
and 3, respectively. The system is satisfied only in the
8case of vanishing amplitudes d12 = d13 = d23 = 0 which
means that it is impossible to block two excitons in a
triple QD. The coefficients of a stable biexcitonic state
spanned in a system of four QDs must satisfy the system
of four equations of the form:
dij
√
Γjj + dik
√
Γkk + dil
√
Γll = 0,
where every subscript i, j, k, and l takes the values 1, 2,
3, and 4, respectively. The above equations lead to the
condition for the dij numbers in a form
d12 = −
√
Γ33d13 +
√
Γ44d14√
Γ22
, (9)
d23 =
√
Γ11Γ44
Γ22Γ33
d14, d24 =
√
Γ11Γ33
Γ22Γ44
d13
d34 = −
√
Γ11Γ33d13 +
√
Γ11Γ44d14√
Γ33Γ44
.
Although in a system of four QDs many dark states may
be spanned, in realistic systems the parameters of biex-
citon states may be adjusted in such a way that only
one, particular (for specified values d13 and d14) state is
blocked. Thus, as in the ideal systems and similarly to
the double QDs,55 the contribution of any pair of dots
to the total biexcitonic population is constant in time
(nij = const).
In realistic QDs one may realize either superradiant
or subradiant biexciton eigenstate but never both simul-
taneously as in the ideal system. In both cases the ba-
sis is supplemented by a third kind of state which al-
low for a recombination of one electron-hole pair and
trapping of the second exciton. The evolution of a
four QD system prepared in this state is shown in Figs.
5(b) and 5(c). While the population of the biexciton
state decreases, the occupation of single-exciton state in-
creases until it stabilize at the level corresponding to
total trapping of one electron-hole [green-dashed line
5(b)]. The third basis state must be orthogonal to
the superradiant state (8), which equals to the require-
ment of vanishing transition matrix element between the
biexciton state and the single-exciton superradiant state
(〈SUPER|HS−rad|biexciton〉 = 0) and means that the
state HS−rad|biexciton〉 has a subradiant character. The
orthogonality to the subradiant biexcitonic state (9) ex-
cludes contributions from the two-exciton dark states and
thus the population trapping occurs only due to forma-
tion of a single-exciton subradiant state (5). Since the
transition to the state (4) and thus the decay of single-
exciton states is forbidden, one exciton is blocked in the
ensemble. Because the biexcitonic subradiant states can-
not be formed in triple QDs, the requirement defining
biexcitonic states which allow to block one exciton re-
duces to the orthogonality to the superradiant state, and
the states take a form
a12
√
Γ33|12〉+ a13
√
Γ22|13〉+ a23
√
Γ11|23〉√
|a12|2Γ33 + |a13|2Γ22 + |a23|2Γ11
,
where a12+ a13+ a23 = 0. Whereas, due to the orthogo-
nality to the superradiant state the six amplitudes of the
biexcitonic states spanned in ensembles of four QDs take
a form:
dij = aij
√
ΓkkΓll,
where the coefficients must satisfy equation a12 + a13 +
a14 + a23 + a24 + a34 = 0 and, using further the orthog-
onality to the subradiant state relations,
a12Γ33Γ44 − a13Γ22Γ44 − a24Γ11Γ33 + a34Γ11Γ22 = 0,
a12Γ33Γ44 − a14Γ22Γ33 − a23Γ11Γ44 + a34Γ11Γ22 = 0.
Due to the existence of single and biexciton optically
inactive states in ensembles of four QDs the initial biex-
citonic states allow for many combinations of final oc-
cupation. An arbitrary fraction of exciton occupation
(≤ 2) may be trapped by an appropriate combination of
blocked single-excitons and biexcitons due to contribu-
tion to the initial state from dark states and basis states
which allow to recombine only one electron-hole pair. Ir-
respective of the initial number of excitons, ensembles of
three QDs allow to span only single-exciton subradiant
states and thus block only single-excitons.
It is important to emphasis that if the system was pre-
pared in a bright biexcitonic state which leads to trap-
ping of single-exciton occupation [Figs. 5(b) and 5(c)],
then the pronounced oscillations due to coupling between
the dots appear only in occupation of localized biexciton
states, while the amplitudes of oscillations in the pop-
ulations of single dots are negligible [5(c)] compared to
single-exciton initial state [Fig. 2(d)]. This means that
the biexciton initial state allows to achieve well defined
stable single-exciton subradiant states, which is impor-
tant for the application of quantum computation.
D. P-i-n junction
The presence of optical collective effects in realistic QD
systems requires high accuracy of a system parameters
which may be controlled on the manufacturing stage or
by external fields by, e.g. implementing the dots into the
intrinsic region of a p-i-n junction. This structure pro-
vides a possibility of a separated injection of electrons
and holes into QDs from both sides of a sample and con-
trol of exciton dynamics and QD parameters through ap-
plication of contacts on n- and p- type regions. It has
been shown that controlled with a bias voltage carrier
tunneling into a single QD in a p-i-n structure incorpo-
rated into a microcavity leads to regulated emission of
single photons and pairs of photons.64 The ideas were
followed by a technological realization of an electrically
driven single-photon emitter with a layer of self-organized
InAs QDs.65 The gate voltages constructed over dots al-
low to control energies of the dots and dipole moments,
but the magnitudes of decay rates of single QDs (3) de-
pend on the average energy of the ensemble (E) and thus
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FIG. 6: Exciton occupation for a system of four QDs placed
in vertices of a square of the side length r = 30 nm and pre-
pared initially in a single-exciton subradiant state. In regions
I and III the decay rates are the same as in Fig. 5 i. e. se-
lected such that the systems interact collectively with the ra-
diative surrounding. The initial state is ∼ (√Γ22Γ33Γ44|1〉 +√
Γ11Γ33Γ44|2〉+
√
Γ11Γ22Γ44|3〉 − 3
√
Γ11Γ22Γ33|4〉). The red
solid line corresponds to changes of the decay rates of indi-
vidual QDs, whereas the blue dotted line to the same changes
plus changes of the relative angular orientation of the dipoles.
In regions II the decay rates and angles have been modified
such that the ensemble does not interact collectively with its
photon environment (see text).
operations on one dot change the decay rates of all QDs
in the system.
In order to simulate this possibility we have calculated
the time evolution of the system of four QDs and we have
changed the decay rates at some selected time points.
The results are shown in In Fig. 6 where the system
is initially in the “collective regime” and has been pre-
pared in a single-exciton subradiant state. We assume
that the control electric fields are weak enough to ex-
clude “dissociated” exciton states. As expected, initially
the excitation is blocked in the system.
At time 2.5 ns a change of parameters occurs which
destabilizes the system and induces quenching of the ex-
citation. The effect may be produced by a variation of
the internal electric field in the p-i-n junction, which is
simulated here by a change of the decay rates of each
single dot, and shown by the red solid lines in Fig. 6.
The decay rates have been changed as follows: Γ11 →
1.4Γ11, Γ22 → 1.3Γ22, Γ33 → 1.2Γ33, Γ44 → 1.1Γ11. In
this case the quenching is relatively weak because of a
small change in the ratio of the decay rates but the effect
is visible. At time 7.5 ns the parameters of each dot are
changed back and the system population is again stable.
The decay may be enhanced by changing the orienta-
tion of the dipoles as shown by the blue dotted lines in
Fig. 6. All dipoles are parallel in the regions I and III,
i. e. all angles θij = 0. But now, in addition to the
previous variations of Γij the angles are also modified in
the regions II: θ12 = 0.1, θ13 = 0.11, θ14 = 0.2, θ23 =
0.105, θ24 = 0.2, θ34 = 0.1 radians. The misalignment of
the dipole moments creates thus a stronger decay. The
initial conditions may be restored at any time which may
result in the trapping of a desired fraction of the initial
occupation.
IV. CONCLUSIONS
We have studied the optical collective effects due to
interaction of multiple quantum dots built of three and
four emitters with the radiative surrounding. Ensembles
of three and more emitters allow to span many subradiant
states which facilitate preparation of the system in an
optically inactive single-exciton states and for ensemble
of four emitters also in the biexciton subspace.
We specified the conditions which allow the superradi-
ance phenomena to occur in coupled inhomogeneous sys-
tems with different fundamental transition energies and
dipole moments (and thus decay rates). We discussed
the dynamics of single electron-hole pairs and biexcitons.
Although many features typical for identical atoms, such
as spontaneous trapping of excitation, may also occur in
inhomogeneous QDs there are differences in the dynam-
ics of these systems. In principle, coupling between the
dots induces excitation transfer between the dots which
together with a possibility to define many dark states in
ensembles of three and more dots lead to oscillations in
the occupation of single dots. The amplitudes of these
oscillates may be considerably reduced if the system is
prepared initially in an appropriate biexction state which
allows for trapping of one electron-hole pair.
We envision that the presented collective effects may
be controlled if the ensemble of dots is placed in the
intrinsic region of a p-i-n junction with contacts con-
structed over the dots which due to sufficiently weak elec-
tric fields allow to control the dynamics of excitons and
thus collective effects.
Acknowledgments
This work was funded by the Icelandic Research
Fund (Rannis) and by a Polish NCN grant No. DEC-
2011/01/B/ST3/02415. A. S. acknowledges support
within a scholarship for outstanding young scientists
granted by the Polish MNiSW. The authors are grate-
ful to Pawe l Machnikowski for fruitful discussions.
Appendix: Derivation of the equation (6)
To express an arbitrary single-exciton state in terms of
the superradiant state (4) and a subradiant state (5) we
begin with a derivation of a formula for a localized state
|i〉. The subradiant state which allows to cancel out all
different from the state |i〉 localized contributions to the
superradiant state has a form
|SUB〉i =
N∑
j 6=i
Γjj |i〉 −
√
Γii
N∑
j 6=i
√
Γjj |j〉√
N∑
j 6=i
Γjj
N∑
i=1
Γii
(A.1)
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and is orthogonal to the superradiant state for an arbi-
trarily chosen state |i〉. Therefore the localized single-
exciton states may be decomposed into a superposition
of the superradiant (4) and subradiant state defined in
the formula (A.1) according to the equation
|i〉 =
√
Γii|SUPER〉+
√
N∑
k 6=i
Γkk|SUB〉i√
N∑
i=1
Γii
. (A.2)
The above formula allows to define a sub- and superra-
diant component in every single-exciton state
|s〉 =
N∑
i=1
ci|i〉 = |SUPER〉′ + |SUB〉′.
Since there is only one superradiant state in any system
of N QDs, the short-living contribution
|SUPER〉′ =
N∑
i=1
ci
√
Γii√
N∑
i=1
Γii
|SUPER〉
is proportional to the state (4) with a weight factor(
N∑
i=1
ci
√
Γii
)
/
√
N∑
i=1
Γii, while the stable part
|SUB〉′ =
N∑
i=1
ci
√
N∑
k 6=i
Γkk√
N∑
i=1
Γii
|SUB〉i
=
N∑
i=1
ci
(
N∑
j 6=i
Γjj |i〉 −
N∑
j 6=i
√
ΓiiΓjj |j〉
)
N∑
i=1
Γii
is a combination of N subradiant states (A.1), which as a
sum of dark states remains optically inactive irrespective
of a number of emitters. The component |SUB〉′ is pro-
portional to the subradiant state defined by the formula
(7) with an amplitude
√√√√1−
(
N∑
i=1
ci
√
Γii/
√
N∑
i=1
Γii
)2
.
∗ Electronic address: anna.sitek@pwr.wroc.pl
† Electronic address: manoles@ru.is
1 R. H. Dicke, Phys. Rev. 93, 99 (1954).
2 H. M. Nussenzweig, Introduction to Quantum Optics,
(Gordon and Breach, Nowy Jork, 1973).
3 G. S. Agarwal, Quantum Statistical Theories of Sponta-
neous Emission and Their Relation to Other Approaches,
Springer Tracts in Modern Physics Vol. 70, edited by G.
Hhler (Springer, Berlin, 1974).
4 M. Gross and S. Haroche, Phys. Rep. 93, 301 (1982).
5 M. R. Singh, W. Lau, Phys. Lett. A 231, 115 (1997).
6 N. Skribanowitz, I. P. Herman, J. C. MacGilvray, M. S.
Feld, Phys. Rev. Lett. 30, 309 (1973).
7 D. Pavolini, A. Crubellier, P. Pillet, L. Cabaret, S. Liber-
man, Phys. Rev. Lett. 54, 1917 (1985).
8 M. Scheibner, T. Schmidt, L. Worschech, A. Forchel, G.
Bacher, T. Passow, and D. Hommel, Nat. Phys. 3, 106
(2007).
9 K. Baumann, Ch. Guerlin, F. Brennecke, and Tilman
Esslinger, Nature 464, 13011306 (2010).
10 J. M. Fink, R. Bianchetti, M. Baur, M. Go¨ppl, L. Steffen,
S. Filipp, P. J. Leek, A. Blais, and A. Wallraff, Phys. Rev.
Lett. 103, 083601 (2009).
11 J. A. Mlynek, A. A. Abdumalikov, Jr., J. M. Fink, L.
Steffen, M. Baur, C. Lang, A. F. van Loo, and A. Wallraff,
Phys. Rev. A 86, 053838 (2012).
12 P. F. Herskind, A. Dantan, J. P. Marler, M. Albert, and
M. Drewsen, Nature Physics 5, 494 - 498 (2009).
13 O. Kyriienko, A. V. Kavokin, and I. A. Shelykh,
arXiv:1211.0688v2 (2013).
14 A. A. Belyanin, V. V. Kocharovsky, Vl. V. Kocharovsky,
and D. S. Pestov, Laser Physics 13, 61167 (2003).
15 D. Meiser and M. J. Holland, Phys. Rev. A 81, 033847
(2010).
16 D. Meiser and M. J. Holland, Phys. Rev. A 81, 063827
(2010).
17 J. G. Bohnet, Z. Chen, J. M. Weiner, D. Meiser, M. J.
Holland, and James K. Thompson, Nature 484, 78 (2012).
18 A. D. Ludlow, T. Zelevinsky, G. K. Campbell, S. Blatt,
M. M. Boyd, M. H. G. de Miranda, M. J. Martin, J. W.
Thomsen, S. M. Foreman, J. Ye, T. M. Fortier, J. E. Stal-
naker, S. A. Diddams, Y. L. Coq, Z. W. Barber, N. Poli,
N. D. Lemke, K. M. Beck, and C. W. Oates, Science 319,
1805 (2008).
19 Y. Y. Jiang, A. D. Ludlow, N. D. Lemke, R. W. Fox, J. A.
Sherman, L.-S. Ma, and C. W. Oates, Nature Photonics 5,
158 (2011).
20 C. W. Chou, D. B. Hume, T. Rosenband, and D. J.
Wineland, Science 329, 1630 (2010).
21 T. M. Fortier, N. Ashby, J. C. Bergquist, M. J. Delaney,
S. A. Diddams, T. P. Heavner, L. Hollberg, W. M. Itano,
S. R. Jefferts, K. Kim, F. Levi, L. Lorini, W. H. Oskay, T.
E. Parker, J. Shirley, and J. E. Stalnaker, Phys. Rev. Lett.
98, 070801 (2007).
22 S. Blatt, A. D. Ludlow, G. K. Campbell, J. W. Thomsen,
T. Zelevinsky, M. M. Boyd, J. Ye, X. Baillard, M. Fouche´
R. L. Targat, A. Brusch, P. Lemonde, M. Takamoto, F.-L.
Hong, H. Katori, and V. V. Flambaum, Phys. Rev. Lett.
100, 140801 (2008).
23 M. Gross, C. Fabre, P. Pillet, and S. Haroche, Phys. Rev.
Lett. 36, 10351038 (1976).
24 S. Filipp, A. F. van Loo, M. Baur, L. Steffen, and A. Wall-
raff, Phys. Rev. A 84, 061805(R) (2011).
25 Y. Takasu, Y. Saito, Y. Takahashi, M. Borkowski, R.
Ciury lo, and P. S. Julienne, Phys. Rev. Lett. 108, 173002
(2012).
26 N. Yamamoto, arXiv:1210.2632 (2012).
27 Y.-X. Gong, X.-B. Zou, X.-L. Niu, J. Li, Y.-F. Huang, and
11
G.-C. Guo, Phys. Rev. A 77, 042317 (2008)
28 P. Zanardi, M. Rasetti, Rev. Lett. 79, 3306 (1997).
29 P. Zanardi, F. Rossi, Phys. Rev. Lett. 81, 4752 (1998).
30 D. Petrosyan and G. Kurizki, Phys. Rev. Lett. 89, 207902
(2002).
31 A. Kalachev, Phys. Rev. A 76, 043812 (2007).
32 A. Kalachev, V.V. Samartsev, Quantum Electronics 35(8),
679 (2005).
33 A. Kalachev and S. Kro¨ll, Phys. Rev. A 74, 023814 (2006)
34 S. B. Zheng, Phys. Rev. A 74, 054303 (2006).
35 P. Agrawal and A. Pati, Phys. Rev. A 74, 062320 (2006).
36 L. Li and D. Qiu, J. Phys. A: Math. Theor. 40, 10871
(2007).
37 H. Situ and D. Qiu, J. Phys. A: Math. Theor. 43, 055301
(2010).
38 Radel Ben-Av and Iaakov Exman, Phys. Rev A 84, 014301
(2011).
39 E. Pazy, I. D’Amico, P. Zanardi, and F. Rossi, Phys. Rev.
B 64, 195320 (2001).
40 T. Unold, K. Mueller, C. Lienau, T. Elsaesser, and A. D.
Wieck, Phys. Rev. Lett. 94, 137404 (2005).
41 E. Biolatti, R. C. Iotti, P. Zanardi, and F. Rossi, Phys.
Rev. Lett. 85, 5647 (2000).
42 M. Goryca, T. Kazimierczuk, M. Nawrocki, A. Golnik,
J. A. Gaj, P. Kossacki, P. Wojnar, and G. Karczewski,
Phys. Rev. Lett. 103, 087401 (2009).
43 S. Mokhlespour, J. E. M. Haverkort, G. Slepyan, S. Maksi-
menko, and A. Hoffmann, Phys. Rev. B 86, 245322 (2012).
44 W. Du¨r, G. Vidal, and J. I. Cirac, Phys. Rev. A 62, 062314
(2000).
45 Y. N. Chen, C. M. Li, D. S. Chuu, and T. Brandes, New
J. of Phys. 7, 172 (2005).
46 J. P. Kestner and S. Das Sarma, Phys. Rev. A 84, 012315
(2011).
47 M. Busl, R. Sa´nchez, and G. Platero, Phys. Rev. B 81,
121306(R) (2010).
48 P. Trocha, and Jo´zef Barnas´, Phys. Rev. B 78, 075424
(2008).
49 E. Vernek, P. A. Orellana, and S. E. Ulloa, Phys. Rev. B
82, 165304 (2010).
50 Q. Wang, H. Xie, Y.-H.Nie, and W. Ren, Phys. Rev. B 87,
075102 (2013).
51 A. Grodecka and P. Machnikowski, Phys. Rev. B 73,
125306 (2006).
52 A. Sitek and P. Machnikowski, Phys. Rev. B 75, 035328
(2007).
53 A. Sitek and P. Machnikowski, Phys. Rev. B 80, 115319
(2009).
54 A. Sitek and P. Machnikowski, Phys. Rev. B 80, 115301
(2009).
55 Anna Sitek, Pawe l Machnikowski, Phys. Rev. 86, 205315
(2012).
56 B. Szafran, T. Chwiej, F. M. Peeters, S. Bednarek, J.
Adamowski, and B. Partoens, Phys. Rev. B 71, 205316
(2005).
57 B. Szafran, Acta Phys. Polon. A 114, 1013 (2008).
58 B. W. Lovett, J. H. Reina, A. Nazir, and G. A. D. Briggs,
Phys. Rev. B 68, 205319 (2003).
59 M. Kozub,  L. Pawicki, P. Machnikowski, Phys. Rev. 86,
121305 (2012).
60 Marlan O. Scully, M. Suhail Zubairy, Quantum Optics
(Cambridge University Press, Cambridge, 1997)
61 J. Danckwerts, K. J. Ahn, J. Fo¨rstner, and A. Knorr, Phys.
Rev. B 73, 165318 (2006).
62 M. R. Singh, Phys. Rev. A 75, 043809 (2007).
63 M. R. Singh, Ch. Racknor, and D. Schindel, Appl. Phys,
Lett. 101, 051115 (2012).
64 O. Benson, C. Santori, M. Pelton, and Y. Yamamoto,
Phys. Rev. Lett. 84, 2513 (2000).
65 Z. Yuan, B. E. Kardynal, R. M. Stevenson, A. J. Shields,
C. J. Lobo, K. Cooper, N. S. Beattie, D. A. Ritchie, M.
Pepper, Science 295, 102 (2002).
